Abstract. For two varieties of dimension 5 constructed as double covers of P 5 branched along the union of 12 hyperplanes, we prove that the number of points over Fp can be described in terms of Artin symbols and the pth Fourier coefficients of modular forms. Many analogous results are known in dimension ≤ 3, but very few in higher dimension. In addition, we use an idea of Burek to construct quotients of our varieties for which the point counts mod p appear to be expressible in terms of Artin symbols and the coefficients of a single modular form of weight 6.
Introduction
One of the most fundamental problems in number theory is to give formulas for the number of points on a variety over a finite field. In the simplest cases, the number of points over F p can be expressed in terms of powers of p and Artin symbols expressing the decomposition of p in number fields; however, this is very far from being sufficient in general. Most famously, it is now known that isogeny classes of elliptic curves over Q of conductor N are in bijection with newforms of level N with integer coefficients; the correspondence takes a form with Hecke eigenvalues a p to an elliptic curve with p + 1 − a p points over F p .
In higher dimensions, we cannot expect such a statement to hold for all varieties of a given deformation type, except in very special situations. Nevertheless, we would like to find varieties for which the number of points can be expressed in terms of p, Artin symbols, and the coefficients of modular forms. Perhaps the most interesting case is that in which only a single eigenform of weight n > 2 is needed and the dimension of the variety is n − 1.
In dimension greater than 1, the most natural candidates for this property are the Calabi-Yau varieties, which are defined as follows: In particular, a Calabi-Yau variety of dimension 2 is a K3 surface. The Hecke eigenforms of weight 3 up to twist correspond to imaginary quadratic fields with class group of exponent dividing 2 by [19, Theorem 2.4] . Such fields are known with at most one exception, which is excluded by the generalized Riemann hypothesis; the list can be found in [7] . Elkies and Schütt proved the following: Theorem 1.2. [7, Theorem 1] Let f be a Hecke eigenform of weight 3 from the list with eigenvalues a p . Then there is a K3 surface S f such that, for all but finitely many p, we have #S f (F p ) = p 2 + c(p)p + 1 + a p , where c(p) is a linear combination of Artin symbols.
Much less is known for forms of weight greater than 3. The following was shown by Dieulefait-Manoharmayum and Gouvêa-Yui: Theorem 1.3 ([6] , [9] ). Let V be a smooth rigid Calabi-Yau threefold over Q. Then V has p 3 + f (p)(p 2 + p) + 1 − a p points over F p , where f (p) is expressed in terms of Artin symbols and the a p are coefficients of a Hecke eigenform of weight 4.
Many examples are worked out in detail in [15] and elsewhere, but it is not known whether every Hecke eigenform can be realized by a rigid Calabi-Yau threefold in this way, nor whether there are finitely or infinitely many rational Hecke eigenforms of weight 4.
In higher dimension, there are almost no examples. If the dimension of the space of cusp forms of weight k and level N is 1, then the Kuga-Sato construction [5] gives a Calabi-Yau variety realizing the form. Ahlgren [1] in effect studies the case k = 6, N = 4, and Paranjape and Ramakrishnan [16] consider several others. In addition, Frechette, Ono, and Papanikolas have shown [8] how to construct varieties that realize the forms of levels 2, 4, 8 in arbitrary weight; however, in general the dimension of these spaces is not 1 and we do not obtain a CalabiYau variety. Roberts has conjectured [18, Conjecture 1.1] that up to twist there are only finitely many newforms with rational coefficients and not of CM type (complex multiplication, i.e., for which there is an integer N such that a p = 0 for all primes p with N p = −1) for k ≥ 6 and none for k ≥ 52. Remark 1.4. In general the condition of rigidity is insufficient for the arithmetic applications. Even if V is a rigid Calabi-Yau fivefold, its point counts over F p may not be expressible in terms of modular forms; for example, it is possible that h 3,2 (V ) > 0 (recall the notation h i,j for dim H i,j ), and that H 5 et (V, Z ℓ ) is irreducible of dimension > 2. However, we expect that if V is a rigid Calabi-Yau fivefold that also satisfies the conditions h 2,1 (V ) = h 3,1 (V ) = h 3,2 (V ) = 0, then the number of F p -points of V can be described by a formula like those above. Definition 1.5. Let V be a Calabi-Yau variety such that h i,j (V ) = 0 for all i, j except with i = j or {i, j} = {0, dim V }, and, if dim V is even, satisfying the additional condition that
Then we say that V is strongly rigid (and we expect that the number of points of [V ] over F p can be expressed in terms of powers of p, Artin symbols, and coefficients of a single rational eigenform of weight dim V + 1).
The main goal of this paper is to work out two examples of fivefolds. One realizes the newform of weight 6 and level 8; the other, the newform of weight 6 and level 32 with complex multiplication. Both are double covers of P 5 branched along a union of 12 hyperplanes; however, the methods are somewhat different.
In the first example, which bears a close resemblance to certain rigid Calabi-Yau threefolds, we will show that the double cover of P 5 branched along the hyperplanes x i = 0, x i + x i+1 = 0 is modular of level 8 by finding a fibration by quotients of products of Kummer surfaces closely related to the construction of [8] . It does not seem to follow directly from known results that this variety is a singular CalabiYau, but we intend to prove this in [11] and the modularity does not depend on it in any case. We will also use an idea of Burek [3] to construct a quotient of the variety that appears to be a strongly rigid Calabi-Yau.
Similarly, the second example is also a double cover of P 5 branched along the union of 12 hyperplanes. It will be proved modular by exhibiting a fibration by quotients of products of K3 surfaces (K × L α )/σ 1 , where σ 1 is an involution and K is the same for all fibres. In fact K has Picard number 20 and realizes the CM newform of weight 3 and level 16 with quadratic character. We will then show that the total space of the L α is birational to (K × E)/σ 2 , where E is an elliptic curve with complex multiplication by Z [i] . With this done, it is easy to express the number of points in terms of the coefficients of CM newforms associated to powers of the same character. For this example, we will again use Burek's idea to construct what appears to be a strongly rigid Calabi-Yau quotient.
These do not exhaust the examples of apparently modular double covers of P 5 that we have discovered. For example, we rediscover Ahlgren's fivefold discussed in [1] . In addition, we have found two more unions of 12 hyperplanes, not projectively equivalent to the first one or to each other, such that the double cover has a CalabiYau resolution that appears to be strongly rigid and to realize the form of level 8. One of them is notable for its large symmetry group, with the symmetric group on 5 symbols acting faithfully on the set of 12 hyperplanes; the other, for admitting a fibration in quotients of products of K3 surfaces that is similar but distinctly different to that in the first example discussed here. This appears to point to a previously undiscovered identity of hypergeometric functions. Although these examples certainly have resolutions of singularities that are Calabi-Yau varieties, it is not easy to prove that the associated Galois representations are as expected. They and other examples will be studied in future work.
Notation
We start by introducing some notation that will apply throughout the paper.
Definition 2.1. We will often work in P 5 (Q). Whenever we are in a projective space of dimension 5, the variables will be denoted by x 0 , . . . , x 5 , with the usual understanding that x i = x i+6 . We will also use weighted projective space with weights 6, 1, 1, 1, 1, 1, 1, this being the natural home for double covers of P 5 with branch locus of degree 12. The variables there will be t, x 0 , . . . , x 5 , and a map from P(6, 1, 1, 1, 1, 1, 1) to P 5 will always be given by omitting t. At times we will use other projective spaces, referring to their variables as y 0 , . . . , y m or z 0 , . . . , z m . Definition 2.2. Let V be a variety over a ring with a chosen map to F p . We write [V ] p for the number of points of V base changed to F p . By abuse of language we will also use this notation when V is defined over Q by equations with coefficients whose denominators are not multiples of p. Definition 2.3. We use φ to denote the quadratic character modulo a prime p (we will never be considering more than one prime at a time, so this will not lead to ambiguity).
3. The first example: level 8
Our first example of a modular fivefold of level 8 is the double cover F 1 of P 5 defined by the equation
This equation is reminiscent of the first arrangement of 8 hyperplanes in P 3 given in the table of [15, p. 68 ], which likewise defines a variety that is modular of level 8.
Remark 3.1. The group of automorphisms of the double cover F 1 → P 5 is of order 24: it is generated by the maps
This is checked by verifying that the only automorphisms of the dualP 5 preserving the 12 points corresponding to the 12 hyperplanes are the obvious ones.
We will prove its modularity in the following precise form: Theorem 3.2. Let a p , b p be the Hecke eigenvalues for the unique newforms of level 8 and weight 6, 4 respectively. Then
3.1. Proof of modularity. We will prove this theorem by means of a fibration by quotients of products of two K3 surfaces. We will relate these to the Kummer surface of the square of an elliptic curve and use this to express the number of points in terms of hypergeometric functions over a finite field, thus reducing to results of [8] , especially Theorem 1.1. The statements in this section have been proved; but, since it is easy to make mistakes in such things, they are also verified numerically in the file code-8.mag in [14] . Definition 3.3. Let π be the rational map
The justification for this definition is that if we set x 0 = λ, x 3 = 1 in the equations of the 12 hyperplanes along which the double cover F 1 → P 5 is branched, we can divide them into two sets of 6 equations, one depending only on λ, x 1 , x 2 , the other only on λ, x 4 , x 5 . Definition 3.4. Let K λ , L λ be the surfaces in weighted projective space P(3, 1, 1, 1) defined by the equations
and let A λ , B λ be the affine patches z 0 = 0, y 0 = 0. (The twist by λ(λ + 1) is made to facilitate the comparison with a Kummer surface, as we will see soon.) Let F λ be the affine patch of the fibre of π above (λ : 1) where x 3 = 0. Proposition 3.5. For λ ∈ F p with λ = 0, −1, the fibre of π at (λ : 1) is birationally equivalent to (K λ × L λ )/σ, where σ is the automorphism ((v : z 0 : z 1 : z 2 ), (w : y 0 : y 1 : y 2 )) → ((−v : z 0 : z 1 : z 2 ), (−w : y 0 : y 1 : y 2 )).
Proof. As above, if we substitute x 0 = λ, x 3 = 1 in the equations for F 1 , the variables separate and the 12 linear forms can be expressed as 6 in x 1 , x 2 and 6 in x 4 , x 5 . Thus there is an obvious map τ of degree 2 from the product of the two double covers of A 2 branched along these loci to the fibre of π, and τ • σ = τ . The result follows by taking the projective closure.
We now show how to count points on such quotients of products of double covers. 
is a nonzero square if and only if all φ(f i (P i )) are nonzero and an even number are −1, and is not square if and only if all f i are nonzero and an odd number are −1.
Let P, M, Z be the sequences of n signs with product 1, −1, 0 respectively. To restate the above, we have [ 
Proof. The first statement can be proved from Lemma 3.6. As an alternative we show how to prove it by means of character sums. We have
as claimed. The other statements are obvious since the points of K λ \ A λ and L λ \ B λ are exactly the projective points with z 0 = v = 0.
We now study K λ and L λ . By exchanging z 1 , z 2 we see that they are quadratic twists of each other by λ. In other words, we have
It thus suffices to consider K λ .
Definition 3.8. For λ = 0, −1, let E λ be the elliptic curve defined by
it has a singular model in weighted projective space P(3, 1, 1, 1) defined by
, and let a 0,p = 0.
Proof. Consider the elliptic fibration defined by (z 0 : z 2 ). It has fourD 4 fibres at (1 : 0) and (α : 1), where the α are the x-coordinates of the 2-torsion points of E λ ; these are all of the bad fibres. If λ ∈ F 2 p , then these fibres and all of their components are rational and thus contribute 4(5p + 1) points. If not, then only two of them are rational and only three components of each, so we obtain 2(3p + 1) points.
We now turn to the good fibres. If x 0 is the x-coordinate of two points of E λ , then the fibre at (x 0 : 1) is isomorphic to E λ and therefore has p + 1 − a λ,p points. If not, it is isomorphic to the quadratic twist of E λ , so it has p + 1 + a λ,p points. If λ is a square, there are (p − 3 − a λ,p )/2 of the first type and (p − 3 + a λ,p )/2 of the second type (because the total number of points is p + 1 − a λ,p and 4 of them have x-coordinates with exactly 1 point). Thus K λ has 4(5p 
whose complement is generated by the fundamental classes of the exceptional divisors above the 2-torsion points of E × E and by the images of E × {0}, {0} × E, and the diagonal. Thus, if α, β are the eigenvalues of Frobenius on
On the complement, the eigenvalue p occurs 19 times if the curve has full level-2 structure, and if not the multiplicities of p, −p are 13, 6. Proposition 3.11. K λ admits an elliptic fibration whose general fibre is isomorphic to the elliptic curve defined by
and that has singular fibres of types I * 4 , I * 1 , I * 0 , I 1 . Proof. We define the fibration by the equations
In Magma [2] it is routine to define the general fibre of this map, express it as an elliptic curve, and show that it has the desired properties.
Proposition 3.12. The minimal desingularization K λ of K λ admits a fibration in curves of genus 1 whose general fibre is 2-isogenous to that of the fibration on K λ introduced in Proposition 3.11. The singular fibres of this fibration corresponding to those of that fibration are of types I * 2 , I * 2 , I * 0 , I 2 , and all components of the reducible fibres are defined over the field to which λ belongs.
Proof. The desired fibration is defined by (z 0 : z 1 ). Again, it is a simple matter to show that the general fibre is isomorphic to the elliptic curve defined by
that its bad fibres are as stated, and that the quotient map by the subgroup of order 2 generated by ( 1−t (λ+1)(λt 2 +t) : 0 : 1) is the desired isogeny. Theorem 3.13. Suppose as before that λ = 0, −1.
We compare the numbers of points by means of the fibrations of Propositions 3.11, 3.12. Let δ be −1 if the tangent directions at the singularity of the I 1 fibre of the fibration on K λ are rational and 1 otherwise. Then this fibre has p+1+δ points. The two components of the I 2 fibre on K λ meet in two points defined over the same field as the tangent directions of the singularity, so their union has 2p + 1 + δ points.
All 21 components of the reducible fibres on K λ are defined over the ground field. When λ ∈ F 2 p the same is true for the 20 components of reducible fibres of K λ , but otherwise only 8 of them are: the double curve and two of the tails in the I * 0 , the two double curves and two of the tails in the I * 1 , and the central component of the I * 4 . Thus, when λ ∈ F 2 p , there are 21p + 4 + δ points on singular fibres of the fibration on K λ , and likewise 21p + 4 + δ points on singular fibres of the fibration on K λ . The good fibres have the same number of points on each, because corresponding fibres are related by an isogeny. Hence K λ has the same number of points as K λ .
Similarly, when λ / ∈ F 2 p , there are 9p + 4 + δ points on singular fibres on K λ , so K λ has 12p more points than K λ . We conclude, in view of Proposition 3.9, that K λ has p 2 + 18p + 1 + a 2 λ,p points. To finish the proof, we note that for generic λ, the singular subscheme of K λ has degree 18, and that all components of the resolutions are defined over the base field (again, this is an easy computation). The singular subscheme is unaltered by specializations that do not cause additional pairs of lines in the ramification locus to meet: the only λ for which such coincidences occur are 0, −1, which are not permitted. Hence K λ has 18p more points than K λ , and the result follows.
Proof. This follows immediately from the fact that L λ is the twist of the double cover K λ → P 2 by λ. If λ is a square the two surfaces have the same number of points; if not, the sum is twice the number of points of P 2 .
Combining this with Proposition 3.7 (together with the observation that [F 0 ] p = p 4 , because x 0 = 0 is one of the hyperplanes and so there is one point for each point of A 4 (F p )), we immediately obtain the following:
Corollary 3.15. Let λ = −1. Then F λ , the affine patch of the fibre of π above
Neither the equation
x nor any twist gives an elliptic curve when λ = −1, so we have to change the formula somewhat. However, the separation of the variables still allows us to write [F λ ] p in terms of a K3 surface and its quadratic twist by λ.
and
where E is the elliptic curve with affine equation
As before, by exchanging z 1 , z 2 we see that K −1 , L −1 are quadratic twists of each other by −1. On the other hand, the map (v : −z 0 :
Proof. For p ≡ 3 mod 4, we have stated above that K −1 , L −1 are isomorphic to their twists by −1, which is not a square in F p , so the number of points is p 2 + p + 1. This is as claimed, since a −1,p = 0 for such p.
In the case p ≡ 1 mod 4, the argument is very similar to that given above. The two surfaces are isomorphic, so we only consider K −1 . Again we begin with the fibration (z 0 : z 1 ), for which the general fibre is defined by
and three fibres of type I * 2 (since the I * 0 and I 2 of the generic case come together). All components of the singular fibres are rational. We consider the quotient of this elliptic curve by (0 : 0), obtaining a curve defined by
This curve has an I * 4 fibre at 1 and I * 1 at 0, ∞; the action of Galois on all three is trivial (here we use that p ≡ 1 mod 4). Let S −1 be the K3 surface given by the minimal desingularization of this curve. Then as in the proof of Theorem 3.13 we
On the other hand, we consider the Kummer surface
induces an elliptic fibration on the minimal desingularization whose general fibre is isomorphic to that above.
Since the singular subscheme of K −1 has degree 19, and all the exceptional curves are defined over F p , we have
The count of points on F −1 follows from this by Proposition 3.7 as in Corollary 3.15. (Although the relation between K λ , A λ and L λ , B λ is only stated for λ = −1, it clearly applies when λ = −1 as well.) Alternatively, we may use Proposition 3.5 together with Lemma 3.6. Let k + , k 0 , k − be the number of points of the affine patch z 0 = 0 of P 2 where the branch function of K −1 is a nonzero square, 0, or a nonsquare respectively:
The first statement of the proposition says that k + − k − = 2p − a 2 −1,p and the result follows. We now recall the notation for hypergeometric functions over finite fields from [8] . We restate the basic relation between 3 F 2 and 3 A 2 . 
where a is an odd integer such that p − a 2 is a square, and if p ≡ 3 mod 4 then
To relate our notation to that of [8] requires a simple statement about elliptic curves. x. This is the elliptic curve whose trace is a λ,p , so the two have the same trace up to sign.
Combining these two statements gives
We are now ready to prove Theorem 3.2. For simplicity we will only write out the proof in the case of p ≡ 3 mod 4; the case p ≡ 1 mod 4 is very similar but requires slightly more work to keep track of the λ = −1 terms.
Proof.
so we need to show that
We count the points on F 1 by means of the fibration π. The hyperplane x 3 = 0 has p 4 + p 3 + p 2 + p + 1 points, in bijection with those of the hyperplane x 3 = 0 in P 4 . The affine patch x 3 = 0 of the fibre at 0 has p 4 points. So, by Corollary 3.15 and Proposition 3.17, the total number of points is
Combining the p 4 terms, changing λ to −λ in the summation, and using (8) shows that this is the same as the expression (9) . This completes the proof of Theorem 3.2 in the case p ≡ 3 mod 4. As already mentioned, the proof for p ≡ 1 mod 4 is very similar, requiring the use of the familiar fact [12, Theorem 18.5 ] that a −1,p = ±2a, where as before a is the positive odd integer such that p − a 2 is a square.
Having shown that F 1 is modular, we now consider the question of whether it is birationally equivalent to a Calabi-Yau fivefold.
be a set of smooth divisors on a variety V and let S ⊆ {1, . . . , n} be a nonempty subset such that ∩ i∈S D i ⊂ D j for all j / ∈ S. As in [4, Section 5], we say that an intersection ∩ i∈S D i is near-pencil if there is a single element s ∈ S such that ∩ i∈S D i = ∩ i∈S\{s} D i .
Note in particular that ∩ i∈S D i is automatically near-pencil if #S ≤ 2. For another example, if V = P n , the D i are hyperplanes, and the equation defining D 1 involves a variable not mentioned in any other D i , then every intersection ∩ i∈S D i with 1 ∈ S is near-pencil.
Cynk and Hulek show: We refer to the given condition on S or C S as the Cynk-Hulek criterion. In addition, if the condition holds for the intersection of every subset of the D i of cardinality greater than 1, we will say that the set of D i satisfies the Cynk-Hulek criterion.
To discuss F 1 , we do not need to describe the resolution in detail. It suffices to observe that all but one subset of the 12 hyperplanes satisfies the Cynk-Hulek criterion: the exception is the intersection of the hyperplanes x i + x i+1 = 0, which consists of the single point (−1 : 1 : −1 : 1 : −1 : 1) and is not near-pencil (the intersection of any five of the six hyperplanes is the same). Combining this with the result of Cynk and Hulek just above, we conclude that if the singularity of F 1 at (0 : −1 : 1 : −1 : 1 : −1 : 1) admits a crepant resolution, then so does F 1 , and this resolutionF 1 would be a Calabi-Yau fivefold. We intend to prove this in forthcoming joint work with Colin Ingalls [11] . [3] , we will attempt to construct a strongly rigid Calabi-Yau fivefold realizing the same newform of weight 6 and level 8 as a quotient of F 1 . In particular, we will consider the quotients Q 1 , Q 2 , Q 3 of F 1 by representatives ι 1 , ι 2 , ι 3 of each of the three conjugacy classes of involutions in the D 6 that acts on the set of components of the branch locus of the map F 1 → P 5 . All of these involutions commute with the map that exchanges the sheets of the double cover, so the quotients are still double covers of a quotient of P 5 : let these quotients be R 1 , R 2 , R 3 . For computational verification of the assertions of this section we refer to quotient-level8.mag in [14] .
First, we examine the central element ι 1 :
given by
([10, Remark III.7.1.1]) has divisor − H i , where H i is the hyperplane x i = 0. Pulling it back to F 1 , we get a differential whose divisor is R − 2 H i , where R is the ramification locus. This is the divisor of t/ 5 i=0 x i , so we obtain a differential
on F 1 whose divisor is trivial. Assuming (as will be shown in [11] ) that F 1 admits a crepant resolution of singularities, we may pull this back to a differential on the resolution with the same property. To see that ι 1 pulls this back to its negative, note that t/ 5 i=0 x i is invariant under ι 1 , while exchanging two variables changes the sign of D (this is clear if x 0 is not one of the two variables; if it is, replace this expression for D by a similar one with a different variable singled out). Since ι 1 gives an odd permutation, it acts as −1 on the pullback of D to F 1 and we do not expect to see the form of weight 6 in the cohomology of the quotient.
The invariant ring for the action of ι 1 on P 5 is generated by the polynomials
i+3 , x i x j + x i+3 x j+3 for 0 ≤ i < j ≤ 2. Thus we may view the quotient map P 5 → R 1 as a map to a subvariety of P(1, 1, 1, 2, 2, 2, 2, 2, 2). None of the 12 hyperplanes is fixed by the involution, so we obtain 6 branch divisors, each of which is defined by an equation of degree 2. Proof. First find single polynomials s i defining each of the branch components as a subvariety of R 1 ; then, for each p, enumerate the F p -points of R 1 , evaluate the product of the s i at each, and sum the Kronecker symbols to obtain the point count of Q 1 . All of this is easily done in Magma when p is small. Remark 3.25. Of course we expect this statement to hold for all odd primes p.
Next we consider ι 2 : x i → x 5−i . As an involution of P 5 this is conjugate to ι 1 , and again it gives an odd permutation of the variables and hence acts as −1 on the presumed H 5,0 , but it is different as an automorphism of F 1 . Indeed, it fixes 2 of the 12 components of the branch locus, so we get 7 branch divisors, of which 5 have degree 2 and 2 have degree 1 . This time the ring of invariants is generated by
4 , x 1 x 2 + x 4 x 5 , so the quotient map from P 5 goes to P (1, 1, 1, 1, 2, 2, 2) ; the image is in fact a hypersurface H of (weighted) degree 4. Two of the 12 components of the branch locus are fixed by ι 3 and map to divisors in H cut out by equations of degree 1; the other 10 are exchanged in pairs and map to divisors defined by equations of degree 2. Numerically this suggests a Calabi-Yau variety: the canonical divisor of H would be O(−4 · 1 − 3 · 2 + 4) = O(−6), while the branch locus has class O(12) = −2K H , but such a calculation is suspect in light of the large singular locus of H and the branch divisors. Our calculations lead us to the following conjecture:
for all odd p, where as before a p is the eigenvalue of T p on the newform of weight 6 and level 8.
Finally, we use [13, Theorem 2] to show that if F 1 has a Calabi-Yau resolution, then Q 3 has a resolution of Kodaira dimension 0 (presumably Calabi-Yau). Proof. Viewed as an automorphism of P 5 , the fixed locus of ι 3 consists of the linear subspaces x 0 − x 2 = x 3 − x 5 = 0 and x 0 + x 2 = x 1 = x 3 + x 5 = x 4 = 0. On the first of these, we may take x 0 , x 2 , x 3 , x 4 , x 5 as a system of local parameters, even on the double cover. Then ι 3 exchanges the tangent vectors in the x 0 and x 2 directions, and likewise x 3 and x 5 , while fixing x 4 ; thus its age is 1 there.
On the second, we have t = 0 on the double cover, so t must be taken among our local parameters, and we must blow up x 1 = x 4 = 0. Then we take x 0 , x 1 , x 3 , x 4 , t as our local parameters. It is clear that tangent vectors in the x 1 , x 4 , t directions are fixed by ι 3 . As for x 0 , such a tangent vector is described by the infinitely near point (0 : x 0 + ǫ : x 1 : −x 0 : x 3 : x 4 : −x 3 ) where ǫ 2 = 0, which goes by the involution to (0 : −x 0 : x 1 : x 0 + ǫ : x 3 : x 4 : −x 3 ). Now (−x 0 : x 0 + ǫ) = (x 0 − ǫ : −x 0 ), so the corresponding diagonal entry of the matrix giving the action is −1; similarly for a tangent vector in the x 3 direction. Thus the action of ι 3 has trace 1 on the 5-dimensional tangent space, and so the −1-eigenspace has dimension 2 and the age is 1 as before.
In particular ι 3 satisfies the global Reid-Tai criterion, and so by [13, Theorem 2] the quotient has Kodaira dimension 0. We therefore conjecture:
Conjecture 3.29. Q 3 admits a strongly rigid resolution of singularities for which the representation on H 5 coincides with that obtained from the newform of weight 6 and level 8 up to semisimplification.
The second example: level 32
In this section we will consider the fivefold V 32 defined by the equation (12)
We will show that it realizes the newform of weight 6 and level 32 that has complex multiplication by Q(i). We will use the following notation: Definition 4.1. For j ∈ {2, 4, 6}, let m j be the unique newform of weight j and level 32 that has complex multiplication by Q(i). Let m 3 be the newform of weight 3 and level 16 whose Nebentypus is the Dirichlet character −1 · . For j ∈ {2, 3, 4, 6} and p prime, let a j,p be the eigenvalue of m j for the Hecke operator T p .
We will prove:
4.1. Proof of modularity. As with Section 3.1, the assertions of this section are verified numerically in the file code-32.mag in [14] . We begin with a standard observation on the modular forms that are used in the proof of Theorem 4.2.
Remark 4.3. Since the m i are modular forms with complex multiplication by Q(i), their Fourier coefficients may be described in terms of Hecke characters of this field [17] . In particular, if p ≡ 2, 3 mod 4, then all a j,p are equal to 0. For p ≡ 1 mod 4, let a p , b p be such that a 
Proof. For the second identity
p , so the first claim follows. The proofs of the other two are similar.
We will prove Theorem 4.2 in a manner suggested by the lemma. Namely, we will start by writing a fibration on V 32 whose fibres are quotients of products of two K3 surfaces, one of which is always the K3 surface K of Picard rank 20 and discriminant −4, while the other varies in a family. This expresses V 32 as birationally equivalent to a quotient of the product of this K3 surface with a threefold. In turn, we will use a fibration on the threefold to relate it to K × E 32 , where E 32 is an elliptic curve of conductor 32. Applying Lemma 4.4 will then complete the proof. This is explained by the birational description just above. Indeed, H 5 of the resolution arises from
and has dimension 2. This will be explained more precisely in Remark 4.18.
As in Section 3, we begin by partitioning the twelve hyperplanes into the branch locus into two sets of six, each set intersecting in a line. In particular, the set of linear forms {x 3 , x 5 , x 0 + x 1 , x 3 + x 5 , x 2 + x 4 + x 5 , x 2 − x 3 + x 4 } spans the space generated by x 2 + x 4 , x 0 + x 1 , x 3 , x 5 , while its complement in the set of 12 linear forms defining components of the branch locus spans x 0 + x 1 , x 2 + x 4 , x 0 , x 2 . Definition 4.6. Define a rational map π : V 32 P 1 by (x 0 + x 1 : x 2 + x 4 ). We will also view π as a map P 5 P 1 .
As before, the general fibre is a quotient of the product of two K3 surfaces. As in Definition 3.4, we describe the first of these by writing the linear form ax 3 + bx 5 + c(x 0 + x 1 ) + d(x 2 + x 4 ) as ax + by + (cλ + d)z. This gives six linear forms x, y, λz, x + y, y + z, −x + z from which we obtain a K3 surface k λ defined by the equation obtained by setting t 2 equal to their product. Similarly, for the other six we write ax 0 + bx 2 + c(x 0 + x 1 ) + d(x 2 + x 4 ) as ax + by + (cλ + d)z, obtaining x, −x + λz, y, −y + z, x + 2y − z, −x − 2y + (λ + 1)z and define a K3 surface ℓ λ by setting u 2 equal to their product. However, we are only interested in (k λ × ℓ λ )/σ, where σ is the involution that changes the signs of t, u. This does not change if we replace λz by z in the definition of k λ and y by λy in that of ℓ λ .
Proof. Observe that K is the same surface as K −1 (Definition 3.16) up to a change of variables. We showed in Proposition 3.17 that
Since a −1,p is the trace of Frobenius for the elliptic curve Since y 2 = x 3 − x is the unique elliptic curve of conductor 32 up to isogeny and a −1,p is the trace of Frobenius at p for this curve, we see that a −1,p = a 2,p . In light of Lemma 4.4, this implies our claim for p ≡ 1 mod 4. For p ≡ 2, 3 mod 4, both sides are equal to p 2 + p + 1.
Remark 4.9. The observation that the branch locus of K has 6p − 5 points over F p will also be helpful later.
It is not so easy to give a useful formula for [L λ ] p . The Picard number of L λ is generically 19: this can be seen by constructing an elliptic fibration on it with two bad fibres each of type D 4 , A 3 , A 1 and a section. In fact, the Picard lattice of L λ is a sublattice of index 2 of that of the Kummer surface of E × E.
Remark 4.10. It appears that L λ is isogenous to the Kummer surface of E λ × E σ λ , where E λ is an elliptic curve with j-invariant (−4λ 2 +16) 3 /λ 4 and σ is its quadratic twist by −λ 3 + λ. However, this observation leads to an unnecessarily complicated method of counting the F p -points on V 32 .
We consider the total space L of the family of the L λ inside P(3, 1, 1, 1) × P 1 . In other words, we regard λ as the ratio of the two coordinates of P 1 . Let the coordinates on this space be t, z 0 , z 1 , z 2 , u, v: then L is defined by the equation
We define a map ρ : L P 1 by (2z 1 − z 2 : z 2 ). It is easily checked that the base scheme consists of two rational curves that meet in a single point; it thus has 2p + 1 points mod p for all p. Proof. We consider the affine patch of ρ x where z 2 , v are nonzero. We may view this patch of ρ x as being inside A 3 , which in turn we think of as the affine patch of P (3, 1, 1, 1) where the last coordinate is nonzero. The projective closure is defined by the equation
Replacing z 2 by z 2 /x and multiplying through by (x/2) converts this to
and replacing z 0 − z 1 by z 1 converts z 1 to z 0 − z 1 and hence changes this to the equation for K, twisted by −x 3 + x, up to the order of variables.
Note further that if p ≡ 1 mod 4 then φ(x 3 −x) = φ(−x 3 +x), and if p ≡ 3 mod 4 then a 3,p = 0, so we may replace φ(−x 3 + x) by φ(x 3 − x) in both cases. With these observations, the proof for the general fibres reduces to routine bookkeeping.
As for the bad fibres of ρ, the fibre at 1 consists of two components, one supported at t = z 1 − z 2 = 0 and one at z 1 − z 2 = v = 0. The total number of points is p 2 + 2p + 1 + p 2 + p + 1 − (p + 1) = 2p 2 + 2p + 1; similarly for ρ −1 with z 1 − z 2 changed to z 1 .
The fibre at ∞ has components at t 2 v+(z 0 z 1 (z 0 +z 1 )) 2 u = z 2 = 0 and z 2 = v = 0. To count the points on the first of these, note that for fixed t, z 0 , z 1 and z 2 = 0 we get one solution for u, v if t = 0 or z 0 z 1 (z 0 + z 1 ) = 0 and p + 1 otherwise. Thus the total is p 2 + p + 1 + 3p = p 2 + 4p + 1. The two components intersect along
, that is to say, at 3p + 1 points. The second component has p 2 + p + 1 points, so the total is 2p 2 + 2p + 1. Finally, the fibre at 0 is defined in P(3, 1, 1, 1) × P 1 by
We count its points with the help of the projection to P(3, 1, 1, 1). It is readily checked that the fibre at 0 is supported on a smooth rational curve, giving p + 1 points, and that the fibre at ∞ is supported on two smooth rational curves that meet at (1 : 0 : 0 : 0), giving 2p + 1 points. The fibre at (α : 1) consists of two rational curves that meet at 3 rational points. The components are defined over F p ( √ α), so we find p + 1 + (p − 2)φ(α) points. The map has no base scheme, and φ(α) is +1 and −1 equally often, so the total number of points is p(p + 1) + 2p + 1 = p 2 + 3p + 1 as claimed.
Corollary 4.12. V 32 is birationally equivalent to ((K × (K × E 32 )/σ 1 ))/σ 2 for appropriate involutions σ 1 , σ 2 .
Proof. We already know that V 32 is birational to (K × L)/σ, so the only new information is that L is birational to (K × E 32 )/σ 1 . This follows from the equation (13) for the fibre of ρ x . This will be used in Section 4.2 to construct a candidate for a rigid CalabiYau quotient of V 32 . It is also instructive to compare to Lemma 3.6. Indeed, e 32,+ − e 32,− = a 2,p , where e 32,± are as in Lemma 3.6, and for a suitable model of K we have k + − k − = a 3,p . However, this does not immediately imply the simple formula of Theorem 4.2, because the birational equivalence contracts and expands many subvarieties.
Proof. By the proposition, there are (p − 3 − a 2,p )/2 fibres with p 2 + 4p + 1 + a 3,p points and (p − 3 + a 2,p )/2 with p 2 + 4p + 1 − a 3,p points, in addition to the points of the bad fibres. In light of the 2p + 1 points of the base scheme, the total number of points is then 1 2
Simplifying and applying Lemma 4.4 gives this result.
We use this together with Lemma 3.6 to count the F p -points of V 32 .
Definition 4.14. Let K + , K 0 , K − be the sets of points of P 2 (F p ) at which the righthand side of the equation defining K has Kronecker symbol 1, 0, −1 respectively, and let k + , k 0 , k − be their cardinalities. Similarly, define L +,λ , L 0,λ , L −,λ , ℓ +,λ , ℓ 0,λ , ℓ −,λ using the equation for L λ .
In these terms, we may rephrase Proposition 4.8 and the following remark as saying that
We also note that ℓ 0,λ = p 2 + p + 1 for λ = 0, while it is 6p − 7 for λ = ±1 and 6p − 9 for other values of λ (the difference is that two sets of three lines in the branch locus are concurrent for ±1 but not on other fibres).
It follows from Lemma 3.6 that (K×L λ )/σ has (p 2 +p+1)
On the other hand, we may use the birational equivalence of this with the fibre of π at λ to count the points on the fibre. In the following, let y 0 , y 1 , y 2 , z 0 , z 1 , z 2 be coordinates on
Proposition 4.15. Fix λ ∈ F * p , and let µ be the rational map from the hyperplane in P 5 defined by
Then µ induces a rational map from the fibre of π at (λ : 1) to (K × L λ )/σ. Further, it induces a bijection between the sets of F p -points of these schemes, with the following exceptions:
(1) Points of the fibre of π with x 0 = x 1 = x 2 + x 4 = 0, or with
Points of the fibre of π with x 2 + x 4 = 0, but for which (x 0 : x 2 ), (x 1 :
x 4 ), (x 3 : x 5 ) are well-defined points of P 1 , correspond (p − 1)-to-1 to points of (K × L λ )/σ above a point with coordinates ((y 3 : y 5 : 0), (y 0 : y 2 : 0)). (3) Points of (K × L λ ) with y 2 = 0, z 2 = 0, or with y 2 = 0, z 2 = 0, do not correspond to any point of the fibre of π.
Proof. As discussed above, the map matches the branch loci of the two double covers, so there is a rational map from the fibre of π to (K × L λ )/σ as described. In case 1, we would obtain a point whose coordinates in one P 2 are (0 : 0 : 0). In case 2, if x 2 + x 4 = 0, then clearly we obtain the point ((x 3 : x 5 : 0), (x 0 : x 2 : 0)), and this is unchanged by rescaling (x 0 : x 2 ) by an element of F * p . On the other hand, if x 0 = x 2 = 0, then we have already dealt with this point in case 1, and similarly for the other two pairs. Finally, points with y 2 = 0, z 2 = 0 cannot be obtained from µ, because x 2 + x 4 cannot both be 0 and not be 0.
In the other direction, we have an inverse rational map from P 2 × P 2 to the hyperplane. On the affine patch y 2 = z 2 = 1, it is given by ((y 0 , y 1 ), (z 0 , z 1 )) → (z 0 : λ − z 0 : z 1 : y 0 : 1 − z 1 : y 1 ). Points not on this affine patch are accounted for in cases 2 and 3 above.
Proof. We consider the three cases. Case 1 describes two disjoint sets of p+1 points in the fibre of λ, so 2p + 2 in total. In case 2 we contract (p + 1)
2 (p − 1) points to (p + 1)
2 . To understand the third case, note that one of the linear forms defining K is the third coordinate, so all points with x 2 = 0 give one point on K and there are (p + 1)p 2 missed points for which the third coordinate of the point giving K is 0. On the other hand, setting the third coordinate to 0 in the linear forms defining L λ gives ±t 0 , λt 1 , −t 1 , ±(t 0 + 2t 1 ). Thus the product is 0 for 3 points and λ times a nonzero square for the other p−3. Where the product is 0, we have p 2 points. In the double cover we get one point for each point in K 0 (cf. Remark 4.9) and two points for each point of K + or K − , depending on whether λ is a square. This contributes In total, then, the excess is p 2 (p + 1) + p 2 (p + 1) + (p − 2)φ(λ)(k + − k − ) − (2p + 2) − (p + 1)
2 (p − 1). This simplifies to the formula asserted.
These calculations are not valid for λ = 0, ∞. However, it is easy to see that for both of these the fibre has p 4 + p 3 + p 2 + p + 1 points. Finally, the base locus of π is defined by x 0 + x 1 = x 2 + x 4 = 0. On this locus the product of linear forms is 0, so it has p 3 + p 2 + p + 1 points and we must subtract p times this from the total number of points on the fibres to obtain the correct point count for V 32 .
We now assemble all of the ingredients: the comparison of the fibres in Proposition 4.15 and its Corollary 4.16, the remarks on special fibres and the base locus just above, the count of points on L from 
4.2.
Construction of a rigid Calabi-Yau fivefold of level 32. As in Section 3.2, we will use the method of [3] to construct a candidate for a rigid CalabiYau fivefold of level 32, and again we refer to quotient-level32.mag in [14] for verifications. Let G 64 be the group of projective automorphisms of the configuration of 12 hyperplanes used to construct V 32 , let C 2 be the cyclic group of order 2, and let Z G be the centre of a group G. The group G 64 has order 64 and is isomorphic to C 2 × G 32 , where Z G32 ∼ = C 2 2 and G 32 fits into an exact sequence 1 → Z G32 → G 32 → C 3 2 → 1. We study the quotients of V 32 by elements of order 2 with characteristic polynomial (x − 1)
4 (x + 1) 2 in G 64 as in Section 3.2. We concentrate on two elements of G 64 : namely α 1 , taking (x 0 : x 1 : x 2 : x 3 : x 4 : x 5 ) to (x 1 : x 0 : x 4 : x 3 : x 2 : x 5 ), and α 2 , defined by (x 0 : x 1 : x 2 : x 3 : x 4 : x 5 ) → (−x 1 : −x 0 : x 2 : −x 5 : x 4 : −x 3 ). (Note that α 2 ∈ Z G64 .) In this case, the Cynk-Hulek criterion is satisfied, so we know that the differential (cf. (11)) pulls back to a generator of H 5,0 on the quotient. Now, α 1 gives an even permutation and therefore does not change the sign of d(x i /x 2 ) for D ′ . Negating any variable changes the sign of this, and it is invariant under even permutations that fix x 2 . So it is fixed by α 2 . When we consider the quotient V 32 /α 1 , we find that the images of all of the branch divisors are defined by a single polynomial, and so it is easy to write down the branch function on P 5 /α 1 (that is, the function whose square root gives the double cover V 32 /α 1 → P 5 /α 1 ). On the other hand, for V 32 /α 2 , all but two of the branch divisors, as well as the union of the two that are not, are defined by single polynomials. In this case, it is again easy to write down the branch function. For both of these, the quotient P 5 /α i is a hypersurface of weighted degree 4 in P (1, 1, 1, 2, 2, 2, 2) as previously. There are other involutions such that exactly one branch divisor on the quotient is not defined by a single polynomial. We would have to be more careful in this situation; however, it does not arise in this paper.
Counting points on the double covers, we are led to the following conjecture. 
